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Computer programs for the calculation of properties within 

a constant pressure reacting compressible turbulent H-,.-Air 

boundary layer are described. 

f o r  energy and species mass conservation are solved with arbitrary 

initial conditions by an implicit difference technique. 

able wall temperature boundary condition may be specified whereas 

the conditions at the edge of the boundary layer z r e  constant. 

The partial differential equations 

A vari- 
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COrlPUTER P R G G W E  FOR A RiziiCTI-E - 
TURBULENT BOUNDARY LAYER - HYDROGEN VERSION 

by B. B e l l o w  

INTRODUCTION 

T h i s  r e p o r t  d e s c r i b e s  an IBM-7094 computer program w r i t t e n  

i n  t h e  FORTRAN I1 language  t o  c a l c u l a t e  properties w i t h i n  t h e  

t u r b u l e n t  boundary l a y e r ,  w i t h  hydrogen c h e m i s t r y .  

i s  d e s c r i b e d  i n  Ref. 1. 

r e f l e c t i n g  t he  s u b s t r u c t u r e ,  reference, and s u b l a y e r  h y p o t h e s i s ,  

which u t i l i z e  f i n i t e  r a t e  hydrogen c h e m i s t r y ,  and the r e f e r e n c e  

h y p o t h e s i s  u s i n g  e q u i l i b r i u m  hydrogen c h e m i s t r y .  

The a n a l y s i s  

The re  a r e  f o u r  v e r s i o n s  of t h i s  program, 

S e c t i o n  I of  t h i s  r e p o r t  w i l l  d e s c r i b e  t h e  d e t a i l s  common 

t o  all versions. S e c t i o n s  11, 111, and I V  w i l l  o u t l i n e  t h o s e  

f e a t u r e s  p e c u l i a r  t o  the  s u b s t r u c t u r e ,  r e f e r e n c e ,  and s u b l a y e r  

v e r s i o n s .  The major d i f f e r e n c e s  i n  t he  f o u r  vers ions  are  the 

computa t ion  of the  pa rame te r  d ( < n  a ) / d x  and tb.e i n p u t  f o r m a t  f o r  

e x e c u t i o n  on t h e  IBM 7094. 
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m+ T 

A uREULEET BOUiEIARY LAYER-AIR C H E M I S T W  

A. Bas ic  Equat ions  Used 

T 
1. 

The program s o l v e s  two p a r t i a l  d i  f f e r e n t i a l  equations 

f o r  the dependent  v a r i a b l e s ,  s t a g n a t i o n  e n t h a l p y  r a t i o ,  " G " ,  

and s p e c i e s  mass f r a c t i o n s ,  

dependent  v a r i a b l e s  x and $. These e q u a t i o n s  a r e :  

"Yk", a s  f u n c t i o n s  of t h e  two i n -  

- 
- 

k= 1 t o  7 i n  , i I L E q .  ( 2 )  -J I 

r e f e r r i n g  t o  s p e c i e s ;  t 
1 0 2 ,  HZO, Ns, 0 ,  H, and OH; I- _. 

Explana t ion  of symbols: 

C o n s t a n t s  i n  c o e f f i c i e n t s  

P - P r a n d t l  number 
e 

S - Schmidt number e 

u - Reference  v e l o c i t y  ( f t / s e c )  e 

h - Reference  e n t h a l p y  (ft ' /sec ')  e 



Parameters in coefficients that are dependent on I and 3 

h 
h 

G = -  
e 

Equations (1) and (2) are converted to difference form 

and solved by a tri-diagonal matrix method. 

(See Section I-B for method of solution.) 

IEQ. 

CEq. (1) 1.  

The species equation 

(2) J is solved first, followed by the energy equation 

A two-dimensional grid of lattice points in the 

plane is constructed as shown in Figure 1. 

The properties of these mesh are identified by suitable 

subscripts and superscript as described below: 

Subscript, i - mesh points in ti direction 
k - scans over 7 species 

Superscript, n - mesh points in x direction. 
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T I 
11 

%24 

M 

M - 1  

M - 2  

04 

i3 

c 2  

l d l  

$ (wall) 
0 

T E X P A N S I O N  
REGION 

-> d 

COARSE 
M E S H  

NUMERICAL, 
REGION - 

ANALYTICAL R E G I O N  
-------j 

F I G .  1. L A T T I C E  POINTS I N  THE ( 5 ,  $) PLANE 
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The difference equations are solved at each horizontal point 

The mesh 'in the  b d i r e c t i o n  fsee Figure 1) is divided 

into several regions. From t h e  wall 11 = 0 ,  an analytical region 

extends to L: = 61 in which species and enthalpy ratios are found 
from analytical expressions. For the region - Q .- bM, the 

difference equations are solved using a fine mesh immediately 

above t h e  analytical region and a coarse mesh in the remainder 

of the region. The fine mesh size was required to provide the  

necessary numerical accuracy in the solution of the equations. 

There is an expansion region above L. = Qrn . 
1. Equations f o r  Variables C o m p u t e d  

in Analytical Reqion 

, 
i 

" 
0 .  ' \-0 

i 
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- * I %  
i w: 

The a n a l y t i c a l  r e g i o n ,  e x t e n d i n g  from I$ = 0 ( w a l l )  

be subd iv ided  i n t o  an i n t e g r a l  number of $ s t e p s .  

I n  t h i s  i n t e r v a l  t h e  e n t h a l p y  r a t i o  G and s p e c i e s  

computed from t h e  r e l a t i o n s :  
i 

\ f 
! i 

I 
i i 

n + l  n + l  - ,  i B wi- 61) - 
i = G  0 + 'v 11' .\ (10) G 

I 

The m i x t u r e  t empera tu re ,  T molecular  we igh t s  ( W T )  ;, and d e n s i t y  
i '  * 

r a t i o s ,  (RH) a r e  found from: 
i' 
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H -  r e f e r e n c e  s t a g n a t i o n  en tha lpy  ( f t " / s e c " )  e 

T -  r e f e r e n c e  t cmpcra tu re  f o r  e n t h a l p y  cu rve  f i t s  ( 3 0 0 ° K )  

t h  
R 

mo lecu la r  weight  of k s p e c i e  

s p e c i f i c  h e a t  a t  c o n s t a n t  pressure of  k t h  s p e c i e  

t h  

5 -  
( c P ) ~  - 
( A  I k  - r e f e r e n c c  e n t h a l p y  of  k s p e c i e  

(Yk), - Spec ie s  r e f e r e n c e  mass f r a c t i o n  a t  edge of boundary l a y e r .  

The g ' s  i n  (10)  and (11) and t h e  v e l o c i t i e s  u i n  ( 1 2 )  a r e  computed 

f r o m  t h e  equatidns of Reference 1, Appendix 111. The g ' s  are 

c a l l e d  G(k ) i n  Reference  1. 
The i ncompress ih l e  v i scos iLy  "I-VIS" i s  f o u n d  from: 

-> 

( I -VIS)  = i i 

If t h e  compress ib l e  v i s c o s i t i e s ,  " C - V I S " ,  a r e  computed ' 

(see Sense Switch 1 Option i n  S e c t i o n  V ) ,  

t h e  r e l a t i o n :  

t h e y  a r e  found u s i n g  

(I-VIS)  . + 
( c - V I S )  ={ 1 

i 

The parameter  (C/;) i s  e x p l a i n e d  i n  S e c t i o n s  I1 and I11 

The v i s c o s i t y  ~1 i s  a mixture  v i s c o s i t y  computed from 

t h e  r e l a t i o n s :  

3/2 -. 
r145.8 (T)  

: T i n  deg ree  Ke lv in  -10 ! 
p92 = 2.09 '10 

1 T + 110.4 . 

7 r 

-7 ' 0.1017 (T)  3/2 (T+650.39) 
= 1.7553'10 

pH1 i (T+19.55) (T+1175.9) .' 



I 
= 2.09.10 -’ 1.361 T - 1 0 . 2 ,  ! PVV i i n 2  G 

J L 

‘4 2 

1L 
s ,  r-r - 

and $3 = U,/UT Lsee R e f .  1, E q .  (31) 1. The s u b s c r i p t  s refers 

to edge of sublayer, explained later. 
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2. Difference Eyuations Used 

for Numberical Solutions 

(a) Generic Form of Difference Equations 

The form of the generalized difference equa- 

tion used to compute species concentrations and energy in the 

region, k1 L - i , is presented in part B of this section and L M  
is of the form 

a P  + b P  + c P  = a. (13) i-1 i i+l 

The coefficients of these equations are 

computed and then the resulting set of linear simultaneous equa--- 

tions are solved, first for species and then for the enthalpy - 
ratio. The incompressible eddy viscosities, u , are  correct.ed 

at each e point for compressibility: 
i 

( 2 0 )  

-.. 
These conpressible u’s arc? used in the computation of the a, b, c 

coefficients in the generic difference Eq. (19) arid will be re- 
-., 

ferred to as u with no subscript. For thc species conservation 

Equations the P in the difference Equation (13) represents (Y 
i k i’ 

and the coefficients are 

‘, 

s ( A  L) e = -  

Y A h  



I 
I :  
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

r 1 
f - n + l  - h i = - i \ + u  i ++ 
I 

( 2 2  j 

I n  t he  f i n e  m e s h  r e g i o n  ( F i g u r e  1) the  above r e l a t i o n s  

are used  from i = 11 t o  i = lr w i t h  b w b e i n g  t h e  f i n e  $1 i n t e r v a l .  

p I 1  i s  the  f i r s t  f i n e  m e s h  p o i n t  above and b l r  i s  the l a s t  

f i n e  m e s h  p o i n t  b e l o w  U Z .  

I n  t h e  coarse mesh r e g i o n ,  t he  above r e l a t i o n s  a re  used  

f r o m  i = 3 t o  i = M w i t h  L3 I;, b e i n g  t h e  coarse  i n t e r v a l .  

Fo r  v a ,  

B i s  the t o t a l  number of f i n e  mesh i n t e r v a l s .  Equa t ions  ( 2 2 )  

t h r o u g h  ( 2 5 )  become: 

- n + l  - n + l  ! 
2 4 5  bk = - + B u  2+$ 

L 
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For t h e  g e n e r i c  f o r m  of t h e  e n t h a l p y  r a t i o  d i f f e r e n c e  

e q u a t i o n s ,  r e l a t i o n s  ( 2 1 )  through (24)  and (26)  through (29)  a r e  

used w i t h  t h e  Schmidt number " S  I' r e p l a c e d  by t h e  P r a n d t l  
e 

number "P," . 
R e l a t i o n  ( 2 5 )  f o r  t h e  r igh t -hand  s i d e  of (19)  i s  

r e p l a c e d  by: 

- - 
I -a i- 

l e -  i 

where 

'v ; -2 
U U -U 

1 p - e / I - -  r U t  

Ri = / 
e 2he 'I P i++ i+2 i+l 

i s  an approximat ion  t o  t h e  t e r m  i n v o l v i n g  

I U'd 

J &  ;2he 1 

i e 1 Y .&), ' 
i1- - U i n  energy Eq. (1).  For t h e  i n  

P JW * e 
- -  

e 

Equat ion  ( 3 1 )  

where t h e  a p p r o p r i a t e  A & i s  used depending on c o a r s e  o r  f i n e  

mesh r e g i o n .  For i = 2,Equat ion  ( 3 1 )  is used f o r  da w i - L h  X 
e 

r e p l a c e d  by 

( 3 4 )  

where B i s  t h e  number of f i n e  mesh i n t e r v a l s .  

( b )  Boundary Cond i t ions  f o r  

D i f f e r e n c e  Equat ions a t  $ = Ljl 

A t  @ = bl the g e n e r i c  forms of the s p e c i e s  

and energy  e q u a t i o n s  a r e  r e p l a c e d  by s p e c i a l  a n a l y t i c a l  r e l a t i o n s .  

For t h e  s p e c i e s  e q u a t i o n ,  t h e s e  a r e :  



I 
I 
I 
I 
u 
I 
I 
I 
I 
I 
I 
1 
I 
I 

whcre ( A  L ) ~  i s  the f i n e  mcsh i n t e r v a l  and 

s -  J T O ( C I )  " / z  1 

(39 )  

A f t e r  s o l u t i o n  of t h e  s p e c i e s  e q u a t i o n s  f o r  t h e  range 

of tl, from c1 t o  lbLM, 

a r e  c a l c u l a t e d  u s i n g  the f o l l o w i n g  two r e l a t i o n s :  

t h e  species and e n t h a l p y  v a l u e s  a t  t h e  w a l l  

. . 



1 
1 
i 
I 
I 
I 
I 
I 
I 
1 
1 
I 
I 
I 
I 
I 
-1 
t- 
i 

The ene rgy  e q u a t i o n  i s  t h e n  s o l v e d  f o r  the v a l u e s ,  

Gi,  
w i t h  t h e  f o l l o w i n g  boundary c o n d i t i o n s  a t  3 = 

I&:  

ai  e = o  \ 

T R  586 

Page 1 3  

(41)  

r 1 
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3 .  Treatment of Psi Expansion iieqion 

To ensure t'nat the solutions satisfy the boundary 

conditions at the edge, an expansion region is included in the 

$ direction. 

I 
I 

Before solution of the species equations at the 

for the &LM I current step, those solutions obtained at $ = 

previous step, are compared with (Y ) which are input. If k e' 

these comparisons differ by more than a specified tolerance, 

called EPS, for any one of the species, the values (Y ) are I k e  

prescribed at an additional $ point which is added to the mesh 

(LM is increased by one). The convergence test is: I 
I 
I ( 4 5 )  

NO - add 1 point to mesh 
YES- do not add a point to mesh. 

.I 

I 
I A similar test is performed on the energy equation 

solution. The test is as follows: 

NO - add 1 point to mesh 
YES- do not add a point to mesh. I 

At all points in the exoansion region, the E; and - - 
viscosity parameters are set equal to the values of u and u at 

$ = $M. 
in this region. 

.-., 

I 
-1 The compressibility correction on u is not applied 
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4. ~ a u z t i o n s  f e r  P z r m s t e r s  Ccmputed a f t e r  

S o l u t i o n  cf D i f f e r e n c e  Equa t ions  

Upon o b t a i n i n g  t h e  s o l u t i o n s  t o  the s p e c i e s  and 

e n e r g y  e q u a t i o n s  i n  t h e  numer ica l  region the m a i n  program computes 

m i x t u r e  t e m p e r a t u r e  r a t i o s ,  T . / T e ,  mo lecu la r  w e i g h t s ,  ( W T )  i, 
1 

d e n s i t y  r a t i o s ,  (RH) i ,  and incompress ib l e  v i s c o s i t i e s ,  ( I - V I S )  , 
u s i n ?  E q u a t i o n s  ( 1 2 )  t h rough  ( 1 5 ) .  I f  d e s i r e d ,  c o m p r e s s i b l e  v i s -  

c o s i ' - i e s  are o b t a i n e d ,  u s i n g  ( 1 6 ) .  These p a r a m e t e r s  a r e  p r i n t e d  

as o u t p u t .  

i 

d 
The program t h e n  computes a v a l u e  of - ( cn  a) t o  

dX 

be used  f o r  t h e  n e x t  step i n  t h e  )i d i r e c t i o n .  The methods used 

d i s t i n g u i s h  t h e  s u b s t r u c t u r e ,  r e f e r e n c e ,  and s u b l a y e r  v e r s i o n s  

and w i l l  be d e t a i l e d  i n  S e c t i o n s  I1 and 111. 

( l n  a ) ,  the p h y s i c a l  c o o r d i n a t e  
d 

Having o b t a i n e d  - a), 
"X"  may be found from the c o o r d i n a t e  x u s i n g  

where X i s  t h e  i n i t i a l  value of X,  and \ i s  the c o r r e -  
i n .  i n .  

sponding  v a l u e  of ), . 
Other  q u a n t i t i e s  computed and p r i n t e d  a r e  t h e  

h e a t  t r a n s f e r  . 4 , and the s k i n  f r i c t i o n  c o e ' f f i c i e n t  C F ,  

which are  d e f i n e d  by t h e  f o l l o w i n g  r e l a t i o n s h i p s :  

% p  I 
CF = 



BTU 
m,z u n i t s  of 6 a r e  ft -sec - 

I 
B. Numerical Methods of Solution of 

Basic Equations 

Partial differential E q s .  (1) and ( 2 )  are solved by an 

implicit second-order central difference method'known as the 

Crank-Nicholson Difference Equation. 
I 

-~ -- - -+ 
Y n n+l n+2 

FIGURE 2. CRANK-NICHOLSON LATTICE POINTS 

Assuning a two-dimensional mesh of 1,ittic-e points w i d 1  

'In'' representing the horidontal or y direction and ''it' representi ncr 

the vertical, or @ direction, we solve the equation 

3P 3 -  - 
- > , I ,  1 u ( X t  $1 - -1 - - -  7P 

at a point (n+l), i, assuming known values of P at point n for 

all values of i. 

relation for the derivative 3Q from i-15 to i+$: 

Replace the right side of (52) by a linear 
a i p  j ~ ~~~ ... ... . . . 

. 

. _. . .. 
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A +. 
1 

Each term in L5e numerator of (53) is approximated in the 

same manner. 

The left side of (2) is 

Inserting (54) - (56) into (53) 

( 5 3 )  

(54 )  

(55) 

Multiplying both sides of (57) by ( A  tbL) and rearranging terms, 

the difference Equation becomes: 
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Let - 
a = u  i i -Lj 

v .-., ( A  w ) "  i + u  + u  
i+Jj i-+, 

bi = -i 
Y 

c = u  i i++ 

Then (58) may be written in theform, 

= d  . n c l  n + l  nt 1 a.P t b . P .  + c.P 
1 i-1 1. 1 1 i-t1 i 

Since all P for a particular mesh line, n+l, are solved 

simultaneously for i=l to 9 ,  then we have a s e t  of 4, equations 

of Lype ( 7 9 )  for the unknown P 's. i 

1 

1 
b l P ,  + clPa = d: ! 

a2P1 + b2P2 + c2P3 = da 

a. Pa + b- .P ,  + c7P4 = d:> 



I 
I :  
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w r i t t e n  i n  rnatrix f ~ r m  as 

I 
I 

1 

I I [ b l  c1 0 0 0 0 0 

I a3 ba C Z O  0 0 0 1 
I I 

0 b3 C:a 0 0 0 

I 

as A P = D  ( 6 2 )  

To solve for t h e  unknown P's, the coefficient matrix 

( c a l l e d  A)  is f a c t o r e d  into a product of two matrices as follows: 

iM N ]  P = D 

I 
I 
I 
I 
I 
I 

0 0 

% 

0 M =  

i 

L 



I 
I :  
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
1 
I 

N =  

-7 
0 0 0 .  i 

(55) 

The u, 8, and Y values of M and N can  be e v a l u a t e d  

b.7 m u l t i p l y i n g  M and N and s e t t i n g  the e l e m e n t s  of  t h i s  p r o d u c t  . 

matrix e q u a l  t o  the c o r r e s p o n d i n g  e l emen t s  of A. When thi.; i s  

done i t  i s  found t h a t  

1 
= a  i i 

c: 

and 

I n  (63 )  l e t  Y = NP, 

Then si .nce M i s  a b i - d i a g o n a l  known m a t r i x  the t r a n s f o r m e d  

unknown column m a t r i x  Y c a n  be solved r e c u r s i v e l y  from j = 1 

to .C, as follows: 



P 

'I 
11 
'I 
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i 
6 

1 
I 
1 0 0 

0 
i 

ff, 

0 I 
I 
I 
I 
I 
1 
I 
I 

6 
' 3  

L 

At t.;iis point, a boundary c o n d i t i o n  is imposed and y i s  modified 

c ;  LI ch t h a t  
.e 

Y 

where c u .  t e 

The s o l u t i o n s  P may now be c a l c u l a t e d  f r o m  y ;  by i L 

sweepinc: backward from t o  1 
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I 

' 0  i 
i 
i 
! O  
L 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

7 

i 
i 
i 
i 

Then, 

P& = Y;. 

Pi - - yi- Yi Pi+ 1, 

j. = 4 -1, 45-2, ........ 1 
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I I. SUBSTRUCTURE AND REFERENCE ~IY-POTEESES 

A. Calculation of d/dx(h a) 

Integrals are computed over the variable < 
(which is a transformed i )  coordinate) for temperature T, 

species Y and normal coordinate "YCORD" . These integrals 

are : 
k' 

430 

where subscript s denotes some mean value across the layer. 

A s  proposed by Coles, the substructure hypothesis is 

TR 586 
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where p is the mean value of viscosity in the region 

o p -' 430 and is the incompressible viscosity independent of 

the variable x . (See pp. 1 6 , 1 7  of Ref. 1 for explanation of 
numerical value 430 in E q s .  70 and 71). 

S 

?ne noma1  y-coor,'inate is obtained using: 

( 7 3 )  

The computing scheme is then as follows: The finite 

difference equations have been solved for the properties at 

using the value of - 0) at xn . (For the first step, dX 
Xn+l 

d - (en a )  is an input value to '-he program.) Having now the value 
d x  

- 
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(74 )  

The v a l u e  of ,,L f o r  n = 0 i s  computed f r o m  E q .  (17)  u s i n g  

t h e  i n p u t  t e m p e r a t u r e  and species  p r o f i l e s .  
S 

( ? n  c;) t h u s  l a g s  t h e  remainder  of the s o l u t i o n  by 

onc‘ s t e p .  !lowever, i t  i s  b e l i e v e d  t h a t  t h i s  does n o t  c a u s e  

s i g n i f i c a n t  e r rors .  

d - 
d\ 

R e f e r r i n g  t o  F i g .  1 of S e c t i o n  I ,  t h e  f i n e  mesh r e g i o n  

f o r  the s u b s t r u c t u r e  h i rpothes is  e x t e n d s  over the i n t e r v a l  

( L ~ ,  ;i: ) . Tlic 12 s t e p  s i z e  between and 5 i s  
a 2 

( 7 5  1 
where K i s  ar, i n p u t  number t o  t h e  program. 

The i n t e g r a l s  over the logar i thmic  region i1:qs. ( 7 0 )  and 

( 7 1 )  J are founc? bi- t r a p e z o i d a l  q u a d r a t u r e  over t h e  v a l u e s  of r 
used i n  the  f i i i i t e  d i f f e r e n c e  mesh. Temperature  and s p e c i e s  v a l u e s  

f o r  the  upper  l i m i t  C s  = 430 are found by l i n e a r  i n t e r p o l a t i o n .  

S i n c e  t h e  d e f i n i t i o n  of changes  a t  = 1 0 . 6  (see Appendix 

111, Ref. l), a s p e c i a l  d p p r o x i n a t i o n  schene was used  fo r  the  r 
i n t e r v a l  b r a c k e t i n g  10.G. This  i n t e i v a l  w a s  s p l i t  i n t o  t w o  i n t e r -  

v a l s  namely, t o  10 .6 ,  and 10.6 t o  where and cz  are t h e  mcs!: 

v a l u e s  of s’ t h a t  b r a c k e t  r = 10.6 ( see  Fig. 3 ) .  



I 
I -* 

I 
I 
I 
I 
1 
I 

T 

I 
1 I T+ I 

1 
i 

I 10 .6  

I 
I 

I - 
T 10.6 

- \ T430 
-----------I- T, --... 

I1 I Y I -- I 

Cl <=lo. 6 r 2  <=430 

F I G .  3 .  QUADRATURE DIAGRAM A T  5 = 10 .6  

A s t e p  d rop  i n  t empera tu rc  i s  imposed a t  < = 10 .6 ,  y i e k l i r i g  t w o  
+ and T- . Tdo t r a p e z o i d a l  

+ 10.6 10- 6 t empera tu re  v a l u e s ,  denoted  T 

i n t e g r a t i o n s  a r e  t h e n  performed, the f i r s t  from TI  t o  T 10 .6  ' 
t h e  second from T- t o  T: . (See Shaded a r e a s  I and I1 i n  

10.6 
F i g .  3 . )  

and T- a r e  o b t a i n e d  as follows: + 
10.6 1 0 . 6  The v a l u e s  of T 

T+ = A + B p + C $ ?  
10.6 

where 

B = ~ 1 / 1 0 . 6  ( 7 7 )  
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Ta -T - 0 
B =  - - c u 2 .  

U2 

m e  value of T- is found from a backward linear 

where T is 

10 .6  

430'  430 
extrapolation of the temperature T2 and T 

the temperature previously found by interpolation at = 430. 

B. Modification of Grid Mesh 

in Normal Direction 

The number of cfrid mesh points in the normal or u 

direction is determined by the value of L or upper limit of 

tb in the coarse mesh region ( s e e  Section I). The initial value 

of C: is known and a & spacing of u /N is input as ( A  

As calculation proceeds in direction 1, increases and additional 

mesh points are added with the spacing ( A  -.) . When the total 

number of these points reaches TM, the program automatically doubles 

( A  L ) ~  and halves the numbcr of points, keeping solution values at 

every alternate point of the original A 1. 

M' 

M M 

M 

C 

For the fine mesh region, whose interval is also doubled, 

alternate points are kept for the lower half of the new region. 

Points for the upper half of the new fine mesh region are linearly 

interpolated (See Fig. 4. )  
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3 3 1 %  

.r 
3 

- 
PT. INTERPOLATED 
B E T W E N  O R I G I N A L  

ya AND '3 J 
, 

NEW F I N E  
MESI1 REGION 

O R I G I N A L  NEW 
A l 2  DOUBLED A b 

F I G .  4. DOUBLING O F  A 1; G R I D  F O R  SUBSTRUCTURE 
HYPOTHE S I S 
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C. Finit-% RL?-te - Chemistry Option 

An option has b e e n  provided in the program whereby 

the one-dimensional finite rate kinetics and associated calcu- 

lation technique is that due to G .  Moretti (Refs. 2 and 3). 

The chemical system is comprised of the seven species 

H r ,  02, H20, N,, 0, H, 2nd OH where Nk is considered an inert 

dilucnt. Using this option, the terms containing the species 

mass fractions are modifried to reflect the coupling of the one- 

dimensional finite-rate chemistry relations, with the two- 

dimensional diffusion equations. However, since the correct 

time step for the chcmi:,try equations is not known until the 

diffusion equations are so lved ,  a time step iteration is re- 

quired. 

The iteration procedure is as follows: 

(1) An approxim<ite A X  is computed from the prcvious 

temperature and species profiles: 

( A  X) - - 

I .  \ ( A  X) 

( 2 )  A finite rate chemistry step is performed at each 

mesh point, 

ponding temperature and density profiles and the “ A  t” profile 

Cir on the species mass fractions, using the corres- 

computed from E q .  82. 
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( 3 )  The d i f f u s i o n  e q u a t i o n s  a r e  i i i c > r i  s o lved  u s i n g  the 

c h e m i c a l l y  modi f ied  spccics p r o f i l e s .  
d 

( 4 )  New v a l u e s  of - ( I n  a) and c / i  a r e  computed, 
dA 

found,  u s i n g  (91). ( " )  and then  ( A  X)  

i s  compared t o  ( A  X) (I). I f  t hey  are ( = )  ( 5 )  (1.1 x) 
w i t h i n  the s p e c i - i e d  t o l c r a n c e ,  t h e  s p e c i e s  and er,ergy s o l u t i o n s  

a r e  p r i n t e d  as t h e  c o r r e c t  s o l u t i o n s .  I f  t h e  t o l e r a n c e  i s  n o t  

m e t ,  .-peps 2-5 a r c  r e p e a t e d  with t h e  n c w  v a l u e  of ( A  t )  . Note 

t h a t  i n  t h i s  case t h e  n e w  v a l u e  of -- ( ' n  C )  from s t e p  ( 3 )  is 

n o t  used i n  t h e  l e f t  s i d e  m a t r i c e s  of t h e  d i f f u s i o n  e q u a t i o n s  for  

t h e  n e x t  i t e r a t i o n .  I t  i s  on ly  used t o  g e t  a n e w  ( A  t )  approxi -  

mat ion f o r  t h e  c h c n i s t r y  c a l c u l a t i o n .  

d 
d x  

F i n i t e  r a t e  chr.mistry r e a c t i o n s  a r e  computed a t  a l l  ti 

p o i n t s .  A t  t h e  w a l l ,  a t i n e  s t e p  i s  used t h a t  i s  e q u a l  t o  the 

t i m e  s t e p  computed a t  t h e  L va lue  c l o s e s t  t o  t h e  w a l l .  See E q .  

( 8 2 )  f o r  d e f i n i t i o n  of t h e  t ime s t e p  ( A  t )  . i 
D. -- Reference  Mcthod Option 

a 
When t h e  reference method o p t i o n  i s  e x e r c i s e d ,  - ( I n  0 )  

d\ 

i s  s e t  e q u a l  t o  zero. The r e f e r e n c e  s t a t e  i s  s t i l l  g iven  by t h e  

mean s u b s t r u c t u r e  v a l u e s ,  i.c., T , (YkIs, P s ,  D/U , and YCORD 
- 

S 

u s i n g  r e l a t i o n s  ( 7 0 ) ,  ( 7 1 )  , ( 1 7 ) ,  ( 7 2 ) ,  and ( 7 3 )  r e s p e c t i v e l y .  
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111. SUBLAYER HS'POTIIESIS -_ _-__ 
A. C a l c u l a t i o n  of d ( ' n  a ) / d k  

The s u b l a y e r  assumption, proposed by B a r o n t i  a i d  

a s s e r t s  t h a t  t h e  Reynolds number based on t h e  h e i g h t  Libby, 

of the l aminar  s u b l a y e r  i s  an i n v a r i a n t  of t h e  compressi-  

b i l i t y  t r a n s f o r m a t i o n  (see Reference 4 )  . I n s t e a d  of r e l a t i o n  

( 7 2 )  f o r  o/G, one u s e s  t h e  fo l lowing :  

56.18 

and 

where 
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d 
d x  k 

The d e r i v a t i v e s  - (us), dT/dX a n 6  dY /dX a r e  e v a l u a t e d  n u m e r i c a l l y  

as : 

n+ 1 n 

n + l  n 
( T )  - (T)  - -  - dT 

x - x  d x  

($7) 

I n  r e l a t i o n s  ( 8 4 )  t o  ( 9 2 ) ,  t h e  s u b s c r i p t  s r e f e r s  t o  

p a r a m e t e r s  e v a l u a t e d  a t  $ = 56.18. 

The s u b l a y e r  h y p o t h e s i s  a p p l i e s  t o  t h e  f i n e  and c o a r s e  

mesh IJ r e g i o n s ,  j u s t  a s  t h e  s u b s t r u c t u r e  h y p o t h e s i s  does: However, 

t h e  f i n e  mesh r e g i o n  now ex tends  from c1 
d i v i d e d  i n t o  a p r e s c r i b e d  number of i n t e r v a l s .  

t o  d = 56.18  and can  be 
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T'qe normal y -coord ina te  i~ s t i l l  co!nputed from 

r e l a t i o n  (73). A s  i n  the s u b s t r u c t u r e  h y p o t h e s i s ,  c a l c - u -  

l a t i o n  of d/d\ ( I n  (J) l ags  t h e  remainder  of t h e  s o l u t i o n  by 

o n e  s t ep .  

B .  Modification of Grid Mesh 

i n  N o r m a l  D i r e c t i o n  

W5en t h e  c r i t e r i o n  f o r  h a l v i n g  the number of i n t c r -  

vals i n  t h e  C d i r e c t i o n  i s  m e t  ( s e c  parag raph  1, S e c t i o n  I I , B ) ,  

t h e  f i n e  mesh r e g i o n  i s  u n d i s t u r b e d  f o r  0 '& I 56.18). 

LM' For t h e  coarse C, mesh r c u i o n ,  5 6 . 1 8  L!! ' 

o t h e r  m e s h  p o i n t  of t h e  o r i y i n a l  s o l u t i o n  i s  r e t a i n e d .  

C .  Finite R a t e  Chcmi s t r T T 7  Opt ion  

Tie f i n i t e  r a t e  chemis t ry  o p t i o n  i s  i d e n t i c a l  t o  t h e  

o p t i o n  d i s c u s s e d  i n  S e c t i o n  I1 C f o r  t h e  s u b s t r u c t u r e  and 

r e f e r e n c e  h y p o t h e s i s .  
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IV. _____I_-- REFERENCE H Y P O T H E S I S  -~ WITH ~ EQUIL-IBRIUM - -  CHEMISTRY 

The two partial differential diffusion equations (1) and 

are s o l v ~ d  for the dependent variables stagnation enthalpy (2) 

" G "  and element mass fraction Y (k = 1-3). The three elements k 
are 0 2 ,  N2 and H a .  The reference method is used in these solu- 

tions, i . e . ,  d(?n a)/'d\ is set equal to z e l o .  

'DLM) 11,. The element equation ( 2 )  is solved first for 

using the boundary condition at $. described in E q s .  35-39. 

However, 

at $. for solution of the enth;ilpy EG.  (1) is not found from 

Equation 40L. Instead, it is obtained from an equilibrium chemistry 

computation which requires the following input data: 

(1) Element mass fractions from 

the wall enthalpy required for the boundary condition 

A 

I 
t 

where A is evaluated using E q .  3 9  

(2) W a l l  pressmure found from 

(94)  

The pressure P i.s assumed constant at this value for all points in 

the boundarl7 layer for a l l  species k for all values of ")(". 
n+ 1 (3) Wall temperature T 

Using these inputs, 
0 

the equilibrium program provides wall species 

n+l 
in addition to the enthalpy ( G  ) n+ 1 

(yk) 0 0 
m a s s  fractions 

Enthalpy equation (1) may now be solved for U, y x  w :QLMusing 

boundary condition relations (41) - (44) . 
Equilibrium chemistry computations are then performed, using 

as inputs the stagnation enthalpy solutions from Eq. (11, G n+l i I 
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- n+l the element mass fraction solutions of E?. ( 2 )  (Yk)i , and 

the constant pressure P f r o m  E q .  

-- 

(94 )  for boundary layer  poii:ls 

< $ z - c  The chemistry calculations now give species mass 
A LM' 

fractions (Y ) and mixture temperatures (T.) for points 
k i  1 

R e f e r e n c e s  2 and 3 describc the technique used in 
$1 -- dl I' LM 
the chemistry program. 

Mixture molecular weights, densities and viscosities computed 

from relations (12)-(17) using the species mass fractions (Y ) 
k i  

and temperatures T obtained from the equilibrium chemistry com- i 

putations. 

All parameters described in this section are printed as output 

f o r  each value of the axial coordinate " y " .  In addition, the 

X and Y coordinates are computed using E q s .  (47) and (73). Rela- 

tions (48) and (49) yield the heat transfer 6 and friction para- 
meter CF. 

In advanc~ing t h e  computation to xn+l  I the element mass 
n - n  fractions at x , i..e. (Ykli , must be used in Eqa. (25) and ( 3 0 ) .  

These expressions are the right hand sides of the difference 

equations used i.n the solution of diffusion Equation. 2. 
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V. I DESCRIPTION OF INPUTS 

A. Calculation of Lnitial Input Data 
-I_ 

1. Given Information 

T h e  following information must be specified: 

a. External conditions ( u  , p,, u , T , Y. ) 
e ' e  e Ke 

k = 1, ... 7. representing species O s ,  € 1 2 ,  H20, Nz, 0, €3, and 

OH. 

b. 

C. 

Wall conditions (To, (Y ) ) k = 1, ... 7. 
(1) Initial compressible skin friction 

k o  

coefficient c E f o / p  u2 . f e e  

(2) Initial compressible Reynolds number 

based on momentum thickness - 
RB - D u e/$ . 

e e  e 

Initial temperature variation with velocity 

ration T(u/u ) through viscous layer. e 

d. Initial species mass fraction variation with 

velocity ration Y (u/u ) k = 1, ... 7 through viscous layer. 
k e 

2. Calculation of D/G 
As a first step in determining the input data the 

parameter a/; must be related to the incompressible skin friction 

coefficient c' . This procedure varies depending on whether the f 

substructure or sublayer hypothesis is utilized. 
- 

a. Calculation of u/Q Accordinq 

- to Substructure Hypothesis 

For the substructure hypothesis, take 

(95)  

where u denotes the viscosity of the mixture evaluated at the 
S 
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t e m p e r a t u r e  T , and compos i t ion  ( Y  ) w h e r e  these l a t t e r  ai-e 
S k s  

gi17en b y  

( 4 6 )  

( 3 7 )  

k = 1, ... 7 0 

I n  accordance  w i t h  i n p u t  i t e m s  c and d ,  T and Y a re  known 

f u n c t i o n s  of u/u . Fur thermore ,  fromthe E q s .  (AIII-1) th rough 

k 

c 
( A I I I - 6 )  g i v e n  i n  Ref.  1 and t h e  r e l a t i o n s  

and 

I 
(0-12. 35 6 ,  = exp I-- + 2 . 0 3 j  

2 . 4 3  i 

one  c a n  o b t a i n  the  cor respondence  between t h e  v e l o c i t y  r a t i o  

u/ue and < f o r  any p a r t i c u l a r  v a l u e  of - 
f '  

( 99 )  

Thus t h e  i n t e g r a l s  a p p e a r i n g  i n  (96 )  and ( 9 7 )  can  be e v a l u a t e d  

( n u m e r i c a l l y  i f  n e c e s s a r y )  a n d  w i l l  depend o n l y  on a choice of 
- - . Tqus also c/+ will be r e l a t e d  u n i q u e l y  t o  C * i . e . :  

Cf f '  
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I -  
I 
I 
I 
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I 
I 
I 
I 
I 
I 

- 
b .  o/u Accordinq t o  Sub laye r  

Hypothesis 

For  the s u b l a y e r  h y p o t h e s i s ,  t a k e  

56.18 
1 

\-$ 
/J 10.6 

0 

where p and I.( d e n o t e s  t h e  d e n s i t y  and v i s c o s i t y  of t h e  

m i x t u r e  a t  6 = 56.18. I n  g e n e r a l ,  t h e  d e n s i t y  i s  r e l a t e d  t o  

the t e m p e r a t u r e  and s p e c i e s  by 

S Y  S 

P 
k 
Y 
- 
"r, ' e  

7 

' k  

,- 1 

'k - 

where the % deno te  t h e  molecular  wei-ghts of t h e  i n d i v i d u a l  

s p e c i e s  and a re  g i v e n .  S i n c e  t h e  Y and T a r e  r e l a t e d  t o  t h e  

v e l o c i t y  r a t i o  through ((1) and (d) above, w e  have 
k 

- 
Now r e l a t e  p / P  t o  6 by the r e l a t i o n  e 

U 
e 

so t h a t ,  as i n  t h e  s u b - s t r u c t u r e  case, t h e r e  can be written 

f o r m a l l y  



1 -  
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b. With R given, use E q .  (108) and e 

(109) 

where E q .  (110) is given graphically in Fig. 5. 

Cf is again obtained by iteration. 

The solution for 
- 

M 4. Calculation of 3, C 6 ,  

Once an initial value of C - has been obtained the f 
corresponding values of c3 and 

while c is obtained from 

follow from (98) and (101), 6 

M 

3 = -  30.81 + 2.43 h + 2.47 + xc,-<,) a + 1.7 ca  (111) 

where [ 

M 

' = O - I 3 l  < 5  

5. Calculation of Initial Profiles - 
T ( L ) ,  Y k ( L ) ,  G(k) 

From the given inputs there is available T(u/u ) 

-- - 

e 

and Yk(u /ue )  - G(u/u ) is obtained from e 
c 

2 u" 
L. Y h 

U e 

e ZT- + -  k k  
H 

G =  
U 

e e 
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m 

I 
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d 
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From the parametric relations 

- 
U u -  - - - 

e e 
= function of 5 

U U 

given i n  Appendi-i 111 of Ref. 1 there is tabulated the relation 

u/u = u/u, ( I ; ! )  e 

where G, T and Y can be obtained as functions of $. These  k 
art-. ;:lotted in crraphical form from which the desired values 

c o ~  it..si;;c.:lcilng to the previously selected +-mesh points 

are read off. 

Q i 

6. Numberical ExAmnle (Sublayer IIjrpothesis) 

a. Ecternal conditions 
- 3  3 

= 1.344 x 10 slugs/ft pe 

u = 212.0 ft/sec 

T = 122‘K 

e 

e 

= .4926 x 1.153 x lO-’#/ft-sec 

\Y,)e= .232 

(Y,) = 0.768 undissociated 

(Y ) = 0 ;  k = 2, 3, 5, 6,7 

e 

k e  

! air 

I 
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b. Wall Conditions 

T = 3 0 6  K 
0 

( Y ~ ) ~  = (YkIe; k = 1, ... 7 .  

c. Skin friction coefficient 

C = .0013 f 

d. Temperature distribution 

U UY T = T + ( T  -To) - ( T  -T ) c 
0 S S e u<' e e e e 

(Crocco integral; P = 1). 
e 

e. Species distribution 

Y (u/u ) = c o n s t a n t  = (Y ) . 
k e k e  

Combinin9 e, (104) and (106) gives, using the numerical data 

2 . 3 3  194  = 2.51 + - - - 
0 0'. 

__ 'e 

ps 

so that from (103) 

10.6 - 
I.1 2 . 3 3  194 2 . 5 1  + ___ - - 

c3 0': 

1 . 1 6 5  6 4 . 6 7  2.51 + - - -  
2 . 3 3  194 
0 0' ' 

- -  2 . 5 1 ~  - 
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Now take an i n i t i a l  guess  of e, = 2xlO-" so  t h a t  f r o m  (98)  
L 

(3 = 22 .4  

f o r  which 

% - = 2.06 
'e 

and 

- _  - -  
1 .095 .  P 

n u  ._ 
0 T ~ o  

From t h e  g iven  d a t a  - = 1 . 1 3 1  so t h a t  from (108) n u  e '-e 

A second guess  of = - 0 0 2 5  y i e l d s  f 

C = .00163 > .0013. f 

- 
A l i n e a r  i n t e r p o l a t i o n  giT...es as a t h i r d  gues C 

which one o b t a i n s  

= -00212 f o r  
f 

= .00131 7 '  .0013 
cf  

which i s  t h e  r e q u i z e d  r e s u l t .  
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C .  Input Formats for IBM ProqrLTs 

In this section, the input formats for each of the three 

program decks - Substructure Reference Hypothesis Finite Rate 
chemistry, Sublayer Hypothesis Finite Rate Chemistry, and Reference 

Hypothesis Equilibrium Chemistry will be described in detail. 

Refer to section on Nomenclature for allied infcrmation. 

"he term "card" refers to the standard IBM data pro- 

cessing card consisting of 12 rows and 80 columns. The term 

"format" refers to the mode of input. Symbolically, these modes 

may be defined as follows: 

I integer + XX (no decimal point) 

E floating i x.>i:~< . --- Y Y (i-Y is tlle exponent 
point to the base 

1 0 .  I- x.xa.10 (n) - 

For t h e  E mode, the decimal point may be shifted from 

the position indicated in the above example and the maximum number 

of significant figures is governed by the field width assigned 

for each "word" of data. The plus (+ )  sign may he omitted in all 

cases, except for the sign immediately preceding the exponent for the 

E mode. An additional format is the Iiollerith mode which consists 

of alpha-numerical information, and for our purposes, will be 

utilized exclusively for an identification input card, which will 

subsequently be printed as a title at the head of the output listing. 

It is cjood practice to "riqht-adjust" data words within the indicated 

field: t h a t  is, 

field. 

the word must be shifted to the extreme right of the 
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CARD 

1 
P 

2 

3 

4 

COLUMN 

1 

2-72 

5 

1 -15  

31-45 

61-75 

1-15 

16-30 

31-45 

46-60 

5 1-15 

16-30 
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1. Su_bstructure  ---- or  Reference  -I --- Hypothesis - 
- r i r i i t e  R a t e  Chemis t ry  - -- 

Punch 

T i t l e  

" G "  - 
"1" - 
" 2 "  - 

DESCRIPTION --- 

the  number 0 

i n f o r m a t i o n  

I n p u t  p r o f i l e  o p t i o n  

I n p u t  t empera tu re  i n  O K  

I n p u t  s t a g n a t i o n  
e n t h a l p y  r a t i o s  

f o r  c o a r s e  Mesh 

"XF" - F i n a l  Value of "X" (ft) 

- I n i t i a l  Z e t a  D e l t a  
0 

HE - - Ref. S t a g n a t i o n  Enghalpy 

! f t " . / s ec"  I 

L 1 

' 1  A x" - 11 I 1  

- 

S t e p  s i z e  

"DPSY" - "$I '  s t e p  s i z e  
between w a l l  and " ~ 5 "  

"TROLL" To le rance  f o r  I t e r a t i o n  o n  
" A  Y" c o o r d i n a t e  f o r  c h e m i s t r y  
(Approx. .05)  - See E q .  81 

"EPS" - Tole rance  € o r  add ing  p o i n t  
t o  species or ene rgy  s o l u t i o n  m a t r i x  
(approx .  0.001) - S e e  E q s .  45,46 

FORMAT -- 

H 

E 

I n p u t s  on 
8th set  of  

' c a r d s  A + 1  
t h r u  C 

E 

E 

E 

E 

E 

E 

E 

E 

E 
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DESCRIPTION FORMAT 

II DD L Y  I I  - P r a n d t l  nxmber 

" S E "  - Schmidt number 
"dl 'I - First 
& value above wall 

- c 
E 

E 

16-30 

31-45 

T - Reference temp. (OK) e 46-60 E 

I 61-75 

I 7 1-15 

U - Reference velocity (ft/sec) e 

P - Reference density (slugs/ft" ) 

pe - Reference viscosity (lb-sec/ft" ) 

e 

16-30 

31-45 TR - Reference Temperature for 
static enthalpy fits ( O K )  

(use 300.0) D 
I 
1 
u 
I 
1 
1 
I 
I 
u 
u 
u 

46-60 E Initial value of d/dX (4n a) 
(Substruct. Version On&) 
(Use z e r o  if not known) 

7 3 - 7 5  " S S "  - Punch " 1 . O " I f  d/dX (Ln a) 
(col. 46-60) is not z e r o  

8 14-15 "MS" - Number of coarse mesh points in 
" Ib" Direction for  species 2 40 

I 

20 

55 

60 

" K "  - Total number of species = 7 

Punch t h e  number "1" 

Maximum number of iterations on 
" A x "  if finite rate chemistry option 
is requested ( s  5) (see E q .  Slj 

64-65 Number of fine mesh points in "$" 
direction, 25 

I 

"m" - print cycle number - print 
properties at every mth - step, s 10 

69-70 

75 Punch the number "1'' 



I 
I '  
I 
I 
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1 
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I 
II 
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I 
I 
I 
1 
1 
I 
I 

C A,RD COLUMN DE SC R I  PTION 

"MG" number of coarse  mc.sh points LR 

"& I '  d i r e c t i o n  f o r  " G "  p r o f i l e  ' 40 
ti - C 
f - J  0 

2 

9 10 Chemis t ry  o p t i o n  punch "1" i f  f i n i t e  
r a t e  c h e m i s t r y  r e q u e s t e d ;  Punch " 0 "  
i f  no chemis t ry  

15 

19-20 

24-25 

Reference  o r  s u b s t r u c t u r e  h y p o t h e s i s  
o p t i o n  " 0 "  - s u b s t r - u c t u r e  h y p o t h e s i s  
"1" r e f e r e n c e  h y p o t h e s i s  

T o t a l  number of species  mesh p o i n t s  i n  
" I L "  d i r e c t i o n  (sum of v a l u e s  i n  ca rd  #8 - 
C o l s .  14-15  and 64-65)  

Total  number of " G "  mesh p o i n t s  i n  " c "  
d i r e c t i o n  (sum o f  v a l u e s  i n  card #8 - 
C o l s .  6.4-65 and ca rd  #9 - Cols 4-5) 

1 0 . .  .A 1 - 1 5 , 1 6 - 3 0 ,  I n i t i a l  wall 
... 61-75  Values  f o r  s p e c i e s  1 t o  7 .  The species  

a re  0 2 ,  112,  1120, N z ,  0 ,  H, and OH 

A + 1 , A + 2 . .  .1 -15 ,  Values  of Y. a t  a l l  f i n e  mesh p o i n t s  
. . B  16 -30 . .  . a l o n g  i n i t i a l  L - Mesh l i n e  from 

w = L, to p o i n t  immedia te ly  b e l o w  C = v2 

B + l , B + 2  ... 1-15,16- Values of Y: a t  a l l  roarse . .c 3 0 . .  . mcsh p o i n t s  a l o n g  i n i t a l  L - mesh l i n e  
G1-75 f r o m  c = cc t o  L: 2 L: i n c l u s i v e  MS 

- 
Repeat- ca rds  A + 1  th rough C f o r  r ema in ing  species  Y, 
t h rough  Y 7 ,  and t h e n  f o r  " G "  p r o f i l e .  N o t e  t h a t  
the " G "  coarse m e s h  p o i n t s  go fron L-w, t o  

MC - l b =  L 
A + 1  t h rough  C 

Thus there a re  "8" s e t s  of c a r d s  d e s i g n a t e d  

C+1 . . .  D 1 - 1 5 , l G -  (Y ) For k = 1 , 2  ... 7 k e  
3 0 . .  . (Mass f r a c t i o n s  a t  edge o f  boundary layer) 

30 
1-15,16- 

D+ 1 W a l l  t empera tu re  f u r , c t i o n  v s  "X" 
A, + B , X ,  X : X, 

(Tw): = 

( T W ) ;  = A f B . X ,  X ' X ,  

PO R h I  AT 

E 

E 

E 
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1 
I 

CARD COLUMN 

1-15  

16-30 

31-45 

46-60 

61-75 

D + 2  ... E l - 1 5 ,  16-30. . .  
. . .61-75 
1 - 1 5 ,  16-30 

E+l...F 1 - 1 5 ,  16-30 ... 
. . .61-75 
1 - 1 5 ;  16-30 

DESCRIPTION - 

AI ( 'K.! 

( '-' K ) 
A2 

B, ( -K /un i t s  of XI) 

B, ("K/uni ts  of X i )  

u /p ) where X1 is i n  
e e  x, - ( P e  

f e e t  

S t a t i c  e n t h a l p y  f i t  c o n s t a n t s  
C P ,  ( s e e  E q .  1 2 )  C P ' s  f o r  
species 1 through 7 

"DELS" f o r  s p e c i e s  1 th rough  7 

F + l . .  .G 1-15,16-30, etc. M o l ~ r u l  a r  , w i g h t s  " lv$' '  

1 through 7 
These v a l u e s  are 

f o r  species  

M ,  = 1 6 . 0 ,  M, = 2 . 0 ,  M,, = 18.0  
M +  = 28.0,  M = 1 6 . 0 ,  Mg = 1.0 
M7 = 17.0 

E 

E 



I 1 

I 7 L 

I 

c 0LTuMN 

1 

2-72  

4-5 

9-10 

14-15 

19-20 

24-25 

30 

35 

40 

44-45 

50 

Paqe 48 
TR Sf6 

Sublayer Hypothesis - Finite Rate Chemistry -- 2 -  _-- l__-__~ 

D E S C R I P T I O N  - 
Zero 

E! Title information 

Number of fine mesh points in I i w i 1  

direction, - 25 

I "MS" - Number of coarse mesh points in ' ' c "  
direction for species, 5 40 

I TOTAL number of mesh points in " G ' l  direction 
for species (sum of values in cols. 4-5 
and 9-10) 

I "MG" - Number of coarse mesh points in " U "  
direction for "G" profile I; 40 

I TOTAL number of mesh points in " Q "  direction 
for "G"  profile ( s u m  of values in cols. 4-5 
and 19-20). 

" G "  input profile option 
Punch "1" - if temperature in degrees 

Kclvin are input on 8th set of 
cards A + l  through C 

h/h ) are input on 8th set of 
cards A + 1  through C 

Punch " 2 "  - if stagnation enthalpy ratio 
e 

Punch the number "1" 

Punch the number "7" 

m - Print cycle number - print properties 
at every mth - step, a 10 

Chemistry option: Punch "1" if finite rate 
chemistry 
requested: 

Punch "0" if no chemistry 

I 

I 

I 

I 
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I 
i 
I 
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I 
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I 
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CARD 

3 

4 

5 

6 

7 

8 

CCLTJMN 

11 

20 

-- 

1-15 

31-45 

61-75 

1-15 

16-30 

31-45 

46-60 

1-15 

16-30 

1-15 

16-30 

31-45 

46-60 

61-75 

1-15 

D E S C R I P T I O N  
~ 

Punch the number "1" 

Maximum number of iterations on A X  
coordinate if chemistry option is 
requested, -2 5 (see E q .  81) 

' ' A  6" 
d! = 56.18 and L: = 1 

"(," = final value of C S I  

f o r  coarse mesh rcgion between 

M 

" " - initial q 
OO 

" < 6  'I - initial ZETA DELTA 
0 

h - reference stagnation enthalpy e (ft2/sec") 

" A  5 ' '  - 6 step size 

"DPSY" - A I) for " L j "  between wall and 
4 = 

"TROLL"  - tolerance for iteration on 
A :K coordinate if chemistry 
option is requestcd, approx. -05 
see E q .  81 

"EES" - tolerance for adding pt. to 
solution matrix approx. 0.01 
See E q s .  44, 4 5 .  

P - Prandtl number e 

S - Schmidt number e 

Ql - First numerical " # "  value a2;ove wall 

T - reference temperature ( " K )  e 

u - reference velocity (ft/scc) e 

- reference density (slugs/ft3) 'e 

7 
I 

I 

E 

E 

E 

E 

E 

E 

E 

E 

E 

E 

E 



I 
I 
I 
I 
I 
I 
I 
I 
I 
i 
I 
I 
I 
R 
I 
I 
I 
I 
I 

D E S C R I P T I O N  
I_ 

. C k D  COLIiMN 

- referefire v i s c o s i t y  p, 8 16-38 
( lb - sec / f  t) 

31-45 TR - reference t e m p e r a t u r e  f o r  s t a t i c  
e n t h a l p y  f i t s  (-K) ( U s e  300.)  

46-60 I n i t i a l  v a l u e  of d/d y ( t n  J )  
( u s e  zero i f  not  know) 

61-75 "SS" - punch "1.0"  i f  co ls .  46-60 
i s  n o t  zero or b lank  

9 ,  . . A  1-15,16-30 I n i t i a l  wall species f o r  species  1 to .  7 
. -61-75 The species a r e  Ot , € 3 2 ,  H20, N2, 0, H ,  and OH 
1-15,16-30 

A+1 I 
A+2..B 1-15,16-30 Values  of Y, a t  a l l  f i n e  mesh p o i n t s  

. -61-75 a l o n g  i n i t i a l  i-raesh line from 

1-15, e t c .  below i j 5 6 . 1 8  
t b = ~ ,  t o  p o i n t  immediately 

B + l , B + 2  1-15,16-30 Values  of Y, a t  a l l  coarse mesh 
: .c . -61-75 p o i n t s  a l o n g  i n i t i a l  $-mesh 

1 - 1 5 , e t c .  line from ~ ~ 5 6 . 1 8  t h rough  i s i j  
MS 

FORMA?' 

E: 

E 

E 

E 

Repea t  cards A+1  through C for remain ing  species  Y 2  
t h rough  Y, and t h e n  f o r  G p r o f i l e ,  t h u s  there a r e  8 
s e t s  of c a r d s  d e s i g n a t e d  A + 1  t h rough  C 
N o t e  t h a t  t h e  " G "  p r o f i l e  coarse mesh p o i n t s  go 
f r o m  u =56.10 t~ 'I! = 

'MG 

C+1..D 1-15,16-30 (W ) f o r  K = 1 , 2 ,  ... 7 
k e  

l aye r )  
- -61-75 (Mass f r a c t i o n s  far zdge of boundary 

1-15,16-30 

D+ 1 W a l l  temperature f u n c t i o n  v s .  "X" 
( T  ) = A + B, X, f o r  X C XI 

W l  1 

( T  ) = A + B X ,  f o r  X XI w 3 2 2 

E 

E 

E 

E 

E 
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CARD 

D+ 1 

D+ 2 

Dt-3 

D + 4  

D+ 5 

D+6 

D+ 7 

COLUMN 

1-15 

16-30 

-- 

31-45 

46-60 

61-75 

1-15 
16-30.. . 
i i 1 6 1 - 7 5  

1-15,  
16-30 

1-15, 
16-30.. . 
. . -61-75 
1-15, 
16-30 

1-15, 

16-30.. . 
- .  -61-75  

1-15, 
16-30 

DESCRIPTION 

A, i I(! 

A, ("K) 

B, ( 'K/units of X, 

Bz "K/un i t s  of XI 

*1 ('e e e 

S t a t i c  enthalpy fit ( C P )  c o n s t a n t s  for 
k = 1,2 ... 7 

u / p  ) ,  where X1 i s  i n  f e e t  

k 

S t a t i c  cn t? i a lpy  f i t  ( A  ) c o n s t a n t s  for 
k = 1 . , 2 . . . 7  k 

Molecular weights 5 f o r  

k = 1,2 . . .  7 
I '  These values are MI = 16.0, M2 = 2 . 0 ,  M = .L . 2 

3 

M. = 2 8 . 0 ,  M = 16.0, Mg = 1.0, M7 = 17.0 
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3 .  Refe rence  Hypothes is  - E q u i l i b r i u m  C h e m i s t r y  

CARD COLLW? -- DCSCRIPTION FORMAT 

1 1 
2-72 

Punch t h e  number " 0 "  
T i t l e  i n f o r m a t i o n  

I 
H 

2 5 I Punch t h e  number " 2 "  

3 1 - 1 5  ' ! A  $'I f o r  coarse mesh 
r e g i o n  = (0 -L. )/M 

M d  

E 

31-45 "X 'I - f i n a l  va lue  of X 

c o o r d i n a t e  ( f t )  
F 

E 

46-GO 

61-75 

4 13-15 

16-30 

31-45 

E "G? 'I - i n i t i a l  q 
0 

E 

E Punch the  number " 1 . 0 "  

E 

5 13-15 " P E "  - P r a n d t l  N u m b c r  
- Punch t h e  n u m b e r  "1 .0"  

E 

28-30 " S E "  - Schmidt number 
- Punch t h e  n u m b e r  "1 .0"  

E 

31-45 "i I' - F i r s t  numer ica l  "L" 1 

v a l u e  above wall 
E 

46-GO 'IT I' - Reference  Temperature  
( K) 

e 

61-75 "U I '  - Refe rence  v e l o c i t y  e ( f  t/sec). 

6 1-15 "0 'I - Reference  D e n s i t y  e 
( s l u g s / f t ' )  

7 5 Number of e l e m e n t s  
(Punch t h e  number ' '7")  

I 



I 
I 
I 
1 
I 
1 
I 
1 
I 
1 
I 
I 
u 
E 
1 
I 
I 
I 
I 

CARD COLUMN 

7 9-10 

14-15 

18-20 

24-25 

29-30 

8 34-35 

40 

9. . .A 1-15 

16-30. .  . 
1-15 ,16-  
30 

A + l ,  
A+ 2 1-15 

DESCRIPTION 

N u m b e r  o f  f i n e  mesh p o i n t s  i n  " @ "  
d i r e c t i o n  25 

"M" - Number of c o a r s e  mesh p o i n t s  
i n  "G" d i r e c t i o n  i 40 

TOTAL number of mesh p o i n t s  i n  
'I $'I d i r e c t i o n  
(sum of v a l u e s  i n  c o l s .  9-10 
and 14-15 

Punch same as c o l s .  14-15 

Punch same as c o l s .  19-20 

"m" - P r i n t  c y c l e  number - P r i n t  
p r o p e r t i e s  a t  eve ry  mth - s t e p ,  .C 10 

Punch a "1" 

I n i t i a l  v a l u e s  of w a l l  e l e m e n t s  
(?k)o for  k = 1-7 

k = 1 - 3 ,  e n t e r  blank cards,  
k = € I , ,  k_=O,, k6 e n t e r  b l a n k  c a r d s  

k7 = N- L 

Values of Y ,  a t  a l l  f i n e  mesh p t s .  
a l o n g  i n i t i a l  IC: - mesh l i n e  from 

4 . -  " 

% 

... B 16-30 ,... II, = d1 t o  p o i n t  immedia te ly  b e l o w  b = tJ 
2 ... 61-75 

- 
B+ 1 1-15 Values  of Y1 a t  a l l  c o a r s e  m e s h  

B+2 16-30.  .. p t s .  a l o n g  i n i t i a l  $ - mesh 
. . .c . . .61-75  l i n e  from & = ~b t o  @ = $ a 

,., 

2 
Repeat  c a r d s  A + l  t h rough  C f o r  r ema in ing  e l e m e n t s  Y 

t h rough  Y , ,  and t h e n  for "G"  p r o f i l e .  E n t e r  c o r r e c t  
number of b l a n k  c a r d s  f o r  k = 1 , 2 , 3 , 6 .  Thus t h e r e  
are 8 s e t s  of c a r d s  d e s i g n a t e d  A+l th rough  C 

-4 

FORMAT -_ 
I 

I 

I 

r: 

E 

E 
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CARD 

C + l . .  . 
. . D  

D+ 1 

COLUMN 

1-15 

16-30.. . 

1 
I 
1 
I 
I 

1-15 

16-30 

31-45 

46-60 

61-75 

1 
I 
I 
I 
1 

D e 2  

D+3 

1-15 
16-30,. . . 
. . -61-75 

1-15, 

16-30 

Q E S C R I  PTION 

( Y k ) e  For k = l  through 7 

(Element Mass fractions at edge 
of boundary 

Wall temperature function v e r s u s  
X-coordinate 
( T W l l  = A, + B , X  x 5 x, 

x ? x, 

A ("K) 
i 

A 2 ( ' I< )  

B, ("K/units of X) 

R ('K/units of X) 
2 

X * (P ,  ue/ue)  where 

X is i n  feet 
1 

Molecular weights  
for elements 1 through 7 
These values a r e  
M = 1 . 0 ,  M- = 16.0, M = 18.0, 

M = 2 . 0 ,  M = 3 2 . 0 ,  M = 17.0 

M.. = 2 8 . 0  

1 3 

2 

I.: 
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71. - DESCRIPTION OF OUTPUTS 

The o u t p u t  of the proaram c o n s i s t s  of a t i t l e  page c o n t a i n i n q  

program t i t l e ,  names of  o r i g i n a t o r  and programmer, a t i t l e  statc- 

ment d e s c r i b i n g  t h e  t y p e  of computer run ,  d a t e ,  e t c . ,  and then  

1 9  l i n e s  l i s t i n g  t h e  nwrnerical va lues  of a l l  i n p u t  d a t a .  

For  each s t e p  i n  t h e  )r d i r e c t i o n  (CSI), o r  h o r i z o n t a l  co-  

o r d i n a t e ,  r e s u l t s  a r e  p r i n t e d  i n  a t h r e e  page format  l i s t i n g  t h e  

f o l l o w i n g  i n f o r m a t i o n :  

Page 1 - The v a l u e  of " C S I "  fo l lowed by a f i v e  column 

t a b l e .  Each row of  t h e  t a b l e  r e p r e s e n t s  d a t a  f o r  a v a l u e  of " P S I , "  

o r  v e r t i c a l  c o o r d i n a t e .  The columns a r e ,  from l e f t  t o  r i g h t ,  

( P S I )  , s t a g n a t i o n  e n t h a l p y  r a t i o ,  G,  t empera tu re  r a t i o  (TEMP), 

d e n s i t y  r a t i o  (RHO), and molecular  weight  of t h e  m i x t u r e ,  ( W ) .  

Page 2- An eight-column t a b l e  where t h e  f i r s t  column 

c o n t a i n s  each v a l u e  o f  P S I ,  whi le  t h e  remain ing  cqlumns are t h e  

mass f r a c t i o n s  of each s p e c i e .  The s p e c i e s  a r e ,  from l e f t  t o  

r i g h t ,  02, H,,  II,:O, N, ,  0, H ,  and OH. 

Page 3 - A five-column t a b l e  where t h e  f i rs t  

column c o n t a i n s  t h e  v e r t i c a l  < v a r i a b l e  c o r r e s p o n d i n g  t o  each 

L: v a l u e .  The remain ing  columns a r e ,  from l e f t  t o  r i g h t ,  incom- 

p r e s s i b l e  v i s c o s i t y  ( I - V I S )  , compress ib l e  v i s c o s i t y  (C-VIS) , 

v e l o c i t y  (U-BAR) , and t h e  p h y s i c a l  v e r t i c a l  c o o r d i n a t e  a s s o c i a t e d  

w i t h  & and c ,  t h e  (Y c o o r d i n a t e )  i n  f e e t .  

Fol lowing  t h e  d a t a  t a b l e  on page 2 a r e  p r i n t e d  two i n t e g e r s ,  

LE and LS. They i n d i c a t e  t h e  number of d v a l u e s  used i n  t h e  

e n t h a l p y  and s p e c i e s  s o l u t i o n s ,  r e s p e c t i v e l y .  

Fol lowing  t h e  d a t a  t a b l e  on page 3, e x c e p t  f o r  x = 0,  a r e  

p r i n t e d  t h e  v a l u e  of X-coordinate ,  0, ca , d ( 'n  u)/dX, O/G , h e a t  

t r a n s f e r  6 ( i n  BTU p e r  s q u a r e  f o o t - s e c )  and CF.  

Of t h e  p r e c e d i n g  q u a n t i t i e s ,  s t a g n a t i o n  e n t h a l p y ,  d e n s i t y ,  

t e m p e r a t u r e ,  v e l o c i t y ,  and v i s c o s i t y  a r e  no rma l i zed  w i t h  r e s p e c t  

t o  t h e  i n p u t  edge c o n d i t i o n s .  

E ~ q i ~ 1 p I . e ~  of t h e  o u t p u t  described h e r e i n ,  appear  i n  Appenclix 2 .  



VTT - OPERA'i'TN\; PROCEDURE 

The program w a s  w r i t t e n  f o r  t h e  IBM 709/90/94 d i g i t a l  

computers  and u s e s  t h e  IBM FORTRAN I1 moni tor  system. 

The FORTRAN I1 moni tor  system has s t a n d a r d  tape d e s i g -  

n a t i o n s ,  which a re :  

A2 - Standa rd  i n p u t  t a p e  

A3 - Standa rd  BCD o u t p u t  tape 

A1 - Systems tape  

A5 - Bina ry  t a p e  f o r  r e s t a r t  p rocedure .  

An I O U  s u b r o u t i n e  i s  inc luded  i n  t he  objec t  deck t o  

e n s u r e  c o m p a t i b i l i t y  w i t h  the  l o g i c a l  ass ignment  of tapes .  

- "Checkpoin t"  P rocedure  

I f  a res tar t  option is  t o  be implemented a t a p e  must be 

mounted on l o a i c a l  u n i t  A 5 .  Depress ing  s e n s e  s w i t c h  G a t  any 

t i m e  d u r i n g  t h e  c o u r s e  of a run  w i l l  dump t h e  c o n t e n t s  of core 

memory o n t o  tape A 5  and t h e n  t e r m i n a t e  t h e  r u n .  Tape A 5  i s  d i s -  

mounted and saved  f o r  f u t u r e  use .  Tape A 3  may t h e n  be l i s t e d .  

T o  r e s t a r t  a t  a f u t u r e  t i m e ,  t h e  b i n a r y  t a p e  t h a t  w a s  s aved ,  

i s  a g a i n  mounted on l o g i c a l  u n i t  A 5  and a small b i n a r y  oHject 

deck labellec? " R E S T A R T , "  i s  used as t h e  program d e c k .  For  the 

s u b l a y e r  v e r s i o n  deck o n l y ,  an  adLIitiona1 d a t a  c a r d  must be i n -  

c l u d e d  hch ind  t h e  "RESTAR'I'" b i n a r y  deck c o n t a i n i n g  i n  cols. 1-15 

a v a l u e  of " 3  )i" t o  be used i n  subsequent  computa t ion .  The program 

will r e a d  t h e  conten t -s  of tape A 5  and p r o c e s s i n g  w i l l  commence from 

t h e  p o i n t  where i t  was f o r m e r l y  dumped. P r o c e s s i n g  w i l l  c o n t i n u e  

u n t i l  Sense  Swi tch  6 i s  a g a i n  d e p r e s s e d  fo r  a second dump o n t o  t a p c  

A 5  f o r  a f u t u r e  second r e s t a r t ,  e t c .  

To p r o t e c t  the o r i g i n a l  i n f o r m a t i o n  on tape A 5 ,  a second tapc 

may be mounted on a u n i t  t o  b e  d e s i g n a t e d  as A 5  a f t e r  the  o r i g i n a l  

t a p e  has been read by the  7094. The u n i t  w i t h  the o r i g i n a l  tape 

shou ld  be d i a l e d  o f f  2nd t h e  t a p e  2 ismountcd .  C o r e  memory w i l l  be 

dumped on t h e  second tape f o r  a f u t u r e  res tar t .  
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The program is  normally t e rmina ted  by s p e c i f y i n g  a value 

of 6 FINAL or! input card 3 .  Fkcn the progrzr?. h a s  c a l c u l a t e d  

t h e  d a t a  f o r  t h e  f i r s t  value of  6 which i s  g r e a t e r  t h a n  5 
F I N A L ,  t h e  program w i l l  a u t o m a t i c a l l y  p r o c e s s  a d d i t i o n a l  sets 

of i n p u t  d a t a ,  o r  i n  t h e  absence of such c a r d s ,  will t e r m i n a t e .  

A maximum t h e  limit should  be s p e c i f i e d  i n  t h e  instructions t o  

the  o p e L a t o r  i n  t h i s  case ,  i n  t he  event. of a f a i l u r e  of t h e  

program t o  a c h i e v e  a v a l u e  of 5 FINN; .  

There are s e v e r a l  other program s t o p s ,  caused by numer ica l  

errors, wherein t h e  pror_sram will p r i n t  a code number,  and i n  

some cases an a l p h a b e t i c a l  s t a t emen t  d e s c r i b i n g  t h e  e r r o r .  A 

list of t h e s e  eGror s t o p s  i s  given i n  Appencii..: 1. The program 

w i l l  t h r n  e i t h c r  p r o c e s s  t h e  next d a t a  c a s e ,  o r  t e r m i n a t e  j u s t  

a s  i n  the c a s e  of a normal s t o p  a t  FTNAL.  

S e v e r a l  options for methods of numer ica l  c a l c u l a t i o n  of 

t h e  program can be s p e c i f i e d  o n  i n p u t  c a r d  8 and are d e s c r i b e d  

i n  S e c t i o n  V. "here is one option c o n t r o l l e d  by Sense Switch 1 

as fo l lows:  

SENSE s w r n x  1 

UP - compress ib l e  viscoslties a r e  not computed 

and printed. I n  t h i s  case, c i t h c r  the 

number 0 o r  t h e  v a l u e s  of incompress ib l e  

v i s c o s i t y  a re  p r i n t e d ,  t h e  l a t t e r  f o r  

v a l u e s  of P S I  g r e a t e r  t han  P S I  DELTA. 

DOWN - Compressihlc  v i s c o s i  t i e s  a r e  computed - 
and p r i n t c d .  

Sense Switch 1 i n s t r u c t i o n s  necd  be g iven  t o  t h e  macfiine operator 

on ly  if the Sense Switch 1 DOWN o p t i o n  i s  desired. 

See E q s .  (15) and (lb) for  t he  e q u a t i o n s  d e f i n i n g  incompress-  

i b l e  and c o m p r e s s i b l e  v i s c o s i t i e s .  
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I n  both the s u b s  tlruc+urQ a n d  sublayer hypc?+_hesis vers ions ,  t h e  

compressible ccldy v i s c o s i t y  u (Kq. 4) and the physical l e n g t h  \ 

( E q .  4 7 )  depend s t r o n g l y  on the parameter d (in O)/dh .  P a s t  e x p e r i -  

ence has indicated that p o s i t i v e  values of d o)/d\c large enough 

i n  magni tude  to give nccrativf v a l u e s  of and y may be encoun te red ,  

y i e l d i n g  physically meaningless r e s u l t s .  Should  t h i s  occur ,  the 

user is a d v i s c d  to change t o  The reference hypothesis  wherein 

d (’n ~)/d)( i s  s e t  i c l c n t i c d l l y  equal t o  zero. I f  f u r t h e r  difficul- 

tics a r i s e ,  such as  nega t ive  mass f r a c t i o n s ,  a reduction i n  the 

a x i a l  step size “ A  x”  m i g h t  h e l p  t o  remove t h e  d i f f i c u l t i e s .  
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s t a g n a t i o n  enthalpy r a t i o  = H/II 

s t a g n a t i o n  e n t h a l p y  = h t u'/2 

s t a t - i c  e n t h a l p y  of species; h = ~ 

e f f e c t i v e  P r a n d t l  number 

e 

- .  
nkYk k I 

h e a t  t r ans fe f r  per u n i t  t i m e  per u n i t  area 

e f f e c t i v e  Schmidt number 

s t a t i c  t empera tu re  

mass averaged v e l o c i t y  i n  a x i a l  d i r e c t i o n  

m o l e c u l a r  weight of species k 

a x i a l  c o o r d i n a t e  

normal c o o r d i n a t e  

boundary l a y e r  t h i c k n e s s  

t rans lor rxed  variable defined h y  E q .  ( 3 5 )  of Ref .  1 

t r ans fo rme6  va l - i ab lc s  defined by C q .  (53) of R e f .  1 

stretching f u n c t l o n  (see Z q .  ( 1 5 ) )  of Ref .  1 

momentum t h i c k n e s s  

l a m i n a r  viscosity c o e f f  i c i c n t  

kinematic viscosity C - o c f f i c i c n t  

transformed v a r i h l e  ( s e e  E q .  ( 4 7 ) )  of Ref. 1 

mass d e n s i t y  

eddy v i s c o s i t y  

s h e a r  stress 

5 e / U T  

stream f u n c t i o n  d e f i n e d  by E q .  ( 3 7 )  o f  Ref .  1 
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( - )  i ncompr e s s i b l  e 

( - 1  w i t h  respect to Von Mises transformation 
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